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Abstract

We study how the layers in deep neural networks (NNs) con-
verge, using Wilsonian Renormalization-Group (RG) ideas to
organize the spectral picture. During training, these layers
often develop heavy-tailed power-law (PL) spectra, and the
strongest checkpoints often appear near the PL exponent o >~ 2.
This pattern raises a simple question: why should this value
mark a good trained layer? The answer is both statistical and
physical. The statistical answer is that a = 2 marks the bound-
ary between stable if not optimal learning and overfitting via
non-self-averaging. The physical answer is that the same value
makes the spectral energy gain scale evenly across logarithmic
spectral scales, which is the proposed Wilsonian marginal condi-
tion. We then apply the ERG trace-log condition, the proposed
SETOL theory, which we justify by taking volume-preserving,
scale-invariant transformations to remove arbitrary layer scale
along the proposed RG flow. The resulting spectral RG flow
connects the HTSR and SETOL theories to optimizers such as
Muon, and motivates a new optimizer extension, WW-PGD.
Together, these results point toward a spectral Renormalization-
Group view of learning, in which related algorithms, in NNs
and even traditional machine learning (ML) algorithms, may
approach shared spectral structure in the settings studied here.

1 Introduction

Why does Deep Learning Work? Artificial neural networks
now power large language models, AlphaGo and AlphaFold-
class systems [1, 2], and other foundation models [3, 4, 5, 6],
yvet we still lack a generally accepted theory that both
explains their convergence and tells practitioners how to
improve training. Modern networks optimize enormous
nonconvex objectives. They memorize parts of their data.
They generalize in ways that remain surprising. A theory
of learning should explain this coexistence, not merely
describe the loss curve.

We don’t have a theory of learning; we simply train until
the loss stops. But two models can reach similar losses and
still build different internal structures. If you just consider
the loss, overfitting looks like pre-grokking memorization.
Optimizers like Muon whiten or orthogonalize updates
without understanding why it helps [28]. These examples
point to the same gap: training is not just minimizing the
loss; it is motion through internal layer states.

Layer convergence is the missing object. A network
trains all layers together, but each dense layer changes
its own weight matrix and concentrates information in

its own way. Some concentration is necessary because
learning compresses data into useful representations. Too
much concentration is dangerous because a few dominant
tail components can dominate the representation. This
is part of the story. But this does not explain how finite
trained layers reach correlated spectral endpoints.

HTSR and SETOL provide the starting points. HTSR
applies Random Matriz Theory (RMT) to trained neural-
network weight matrices. It posits 5 + 1 phases of training
by analyzing a layer’s Empirical Spectral Density (ESD)
and identifying signatures of heavy-tailed (HT) universality
classes beyond classical Marchenko—Pastur RMT. Central
to HTSR is the observation that the best layers develop
HT spectra fit by a power law, with exponent o ~ 2. This
motivates treating o ~ 2 not merely as a fitted value, but
as a spectral boundary between near optimal self-averaging
behavior and overfitting due to non-self-averaging.

SETOL was introduced to explain why this spectral
criterion correlates with generalization. Under physically
motivated approximations, SETOL expresses a trained
layer’s contribution to generalization solely as a functional
of its empirical covariance spectrum, derived from a layer
free energy written as an HCIZ integral. Thus the ESD
is the relevant object: the same spectral structure that
determines the HTSR exponent « also determines the SE-
TOL energy functional. SETOL further suggests that the
optimal regime at o = 2 corresponds to approach toward a
Wilsonian, scale-invariant, volume-preserving Fxact Renor-
malization Group (ERG) fixed point. In this picture, the
generalizing components concentrate into a low-rank Effec-
tive Correlation Space (ECS), whose normalized spectrum
satisfies the ERG trace-log gauge-fixing constraint.

Here we thread those two theories into a proposed Wilso-
nian RG theory of layer convergence. The NN remains
a coupled system, but near convergence each layer can
be viewed as approaching its own Wilsonian-style spec-
tral fixed point. The layers must remain compatible, but
they need not share one global fixed point. The explicit
claims are that SETOL derives the trace-log condition, the
RG map is operational, and the a ~ 2 claim is empirical
and supported by self-averaging and scale-counting argu-
ments. Together, these arguments interpret the HTSR
observations and give optimizer design a concrete target:
move each layer toward stable correlated structure while
preventing overfitting.



2 HTSR: phases of learning

HTSR heavy-tailed phases

RMT-based phenomenology of layer training.

ptail()\) ~ AT
e « > 2: stable, but the tail can be too weak.
e « ~ 2: practical optimum for layer convergence.

e « < 2: overcorrelated / overfit

HTSR is the empirical rule: well-trained layers often

sit near the o ~ 2 boundary.

Heavy-Tailed Self-Regularization (HTSR) is a phe-
nomenological theory that describes the phases of training
of a NN layer using a unique application of the Marchenko—
Pastur (MP) Random Matrix Theory (RMT) in the heavy-
tailed (HT) setting, classifying individual NN layers into
HT/PL universality classes [8].

The starting point is a single layer. Write the weight
matrix as W € RV*M with N > M, and define

_ 1 T
X = SWI'W. (1)

The operator X is the layer’s weight-correlation opera-
tor. Its eigenvectors give input directions in the layer. Its
eigenvalues give the spectral quality gain assigned to those
eigen-directions. Importantly, HT'SR recognizes the ele-
ments W, ; should not be strongly heavy tailed, whereas
the eigenvalues \ of X are, this being a signature of a
strongly correlated system near criticality.

HTSR works by fitting the layer ESD to a finite-window
power law, where the exponent o places the layer in an
RMT/HT universality class. Empirically, strong trained
layers often approach the optimal state o ~ 2. Section 4
explains why this boundary is optimal for learning using
statistical /statistical mechanics arguments.

The empirical premise comes from observations on hun-
dreds of well-trained models and thousands of layers, using
the open-source WeightWatcher tool [14]. WeightWatcher
implements a practical version of the HTSR (and SETOL)
diagnostics, and makes these diagnostics reproducible and
empirically testable and/or falsifiable.

In many well-trained models, the layers have an ESD
with a finite-window tail, starting at )\;L, that can be well
fit to a power law (PL):

p(A) ~ A7%,

HTSR uses this tail, together with related power-law
metrics, as a data-free diagnostic of learned correlation
structure [7, 8, 9]. In practice, the power-law exponent
is estimated with the standard Clauset—Shalizi-Newman
maximum-likelihood fit which finds the best )\;L, as im-
plemented in the open-source WeightWatcher tool [14, 26].
The observed optimum is not simply the smallest exponent.
Strong checkpoints often sit near

a~2. (3)

A=A 2)

Figure 1. Empirical Spectral Density (ESD) of a well-trained
dense layer. Panel (a) shows the ESD of X = N"'WTW in
log-log coordinates. The tail is fit by a finite-window MLE/KS
power law with o ~ 2. Panel (b) shows the trace-log-normalized
ECS, where Trlog Xz ~ 0 (where R denotes the ECS space).
The red and purple vertical lines denote the PL tail, :\;L, and
the ECS, 5\7';, resp. Plots have been generated using the open-
source WeightWatcher tool.[14]

Figure 1 shows a representative fitted spectrum.

The diagnostic is practical. The open-source
WeightWatcher tool estimates the layerwise HTSR PL
exponents a from trained weights alone. One can obtain
PL fits for both linear and convolutional layers (see [10]).
Prior work showed that these data-free spectral metrics
can predict model-quality trends without access to training
or testing data [9]. Figure 2 shows recent example scans
for the OpenAI GPT-OSS 20B and 120B models [6], and
the instruct component (W := Wiygtruet — Whase) of the
Qwen2.5 instruct models. Each histogram summarizes
fitted layerwise « values across all layer weight matrices.

HTSR is phenomenological. It extends the familiar
Marchenko-Pastur (MP) Random Matrix Theory (RMT)
in a unique way to the layer weight matrices to classify
them into several distinct heavy tailed (HT) universality
classes. HT RMT was first noted in the theoretical physics
literature in the 1990s that when a random matrix is heavy-
tailed power-law (HT-PL) elementwise, the ESDs no longer
follow the MP law and themselves become HT-PL and
fall into different universality classes [20, 21]. HTSR gen-
eralized this, and noted that when ESDs themselves are
HT-PL, they fall into different universality classes even
when the underlying matrix is not HT-PL elementwise.
Moreover, HT'SR notes that o ~ 2.0 is special, and corre-
sponds to a candidate optimal state of the layer. Roughly,
then, for our purposes here, we can reduce the 5+1 HTSR
classes into three phases: o > 2.0, a ~ 2.0, and a < 2.0.

Still, HTSR is phenomenological. The central question
here seeks a more precise but also simple answer: why
does a =~ 2.0 correspond to an optimal trained layer with
a stable HT-PL empirical spectral density?

Here, we develop an RG argument for o ~ 2.0 that
is a posteriori consistent with HTSR (and SETOL), but
goes further by integrating HTSR and SETOL; there are
two main arguments. First, « = 2 is the boundary where
generalization is supported by the maximum number of
eigencomponents before overfitting. Second, @ = 2 is what
is called marginal in Wilsonian Renormalization Group.
But first, to formulate the RG theory, we need to under-
stand its motivation in the SETOL approach.



3 SETOL: the Wilsonian ERG

SETOL is a Semi-Empirical Theory of Learning. It con-
nects the layer empirical spectral density (ESD) to mul-
tilayer neural-network generalization accuracy using sta-
tistical mechanics, providing a rigorous foundation® for
HTSR. It is semi-empirical because it takes the layer ESD
as empirical input and derives a layer-quality functional
whose diagnostics can be associated with the HTSR PL
metric «. In doing so, it assumes that a NN, near the
optimal state of learning, satisfies a volume-preserving,
scale-invariant transformation (the trace-log condition)
that resembles taking a single step of the Wilsonian Exact
Renormalization Group (ERG) [24, 25].

SETOL starts by approximating the average generaliza-
tion accuracy (one minus the error) of a model, which it
calls the average model Quality Qyy-

NN Egeljl' (4)
(where the averages is over all data samples). For a mul-
tilayer model, SETOL then approximates total model
average quality by a product of layer contributions,

QNN = H @e- (5>

layers

Thus a layer quality @Q := @, estimates how much each
layer supports the model’s generalization accuracy.

Layer quality has a simple meaning here. It is one
layer’s contribution to generalization accuracy. A useful
layer lowers error. A bad layer adds unstable gain or loses
useful capacity. This is the practical meaning of “layer
quality” throughout the paper.

SETOL derives the layer quality using the layer-quality
(squared) generating function,
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Figure 2. Layerwise HTSR « histograms from linear layers,
computed with the open-source WeightWatcher tool. Left:

GPT-OSS 20B/120B models. Right: Qwen2.5 instruct models.

The warning bands are heuristic: small a marks overfit or trap

risk, while large @ marks weakly correlated or underfit tails.

Optimizer notebook details are listed in Appendix A.

Here n is the sample count, and [ is the inverse-
temperature parameter. This is evaluated in the ther-
modynamic large-n (and large-N) limit. This generating
function BFI@ZZ is essentially an effective layer free energy.

SETOL models each trained layer using a matrix gener-
alization of the classical student—teacher perceptron [19] to
matrices. The trained weight matrix plays the role of the
fixed teacher, T = W, while S denotes a possible student
matrix that reproduces the teacher-layer outputs. SETOL
then generalizes the ST perceptron free energy in terms of
the student correlation operator A. The compatible matri-
ces Ay and Ajs denote the induced N x N and M x M
forms of this operator, restricted to the Effective Cor-
relation Space (ECS). In an annealed, high-temperature
approximation, the resulting effective free energy, or qual-
ity (squared) generating function ﬂI‘%Zz, takes the form of

a random matrix (HCIZ) integral

511 = 4 tog [ du(&) exp{NS(A)). .
S(A) =nfB Tr U[TTKNT] + %mog(j&M).

The first term measures teacher—student alignment: it
favors student correlations that match the trained teacher
layer. The second term is the log-volume contribution that
appears when the theory changes variables from weights to
correlations. In the thermodynamic limit, and under the
SETOL RG ansatz, this free energy depends only on the
empirical spectral density of the teacher covariance. Thus
the layer’s contribution to generalization accuracy reduces
to a functional of the trained weight matrix’s ESD.

SETOL free energy and ERG trace-log

Matrix-generalized statistical mechanics student-
teacher model of NN generalization accuracy:

1 _Egen = QNN = HQI
I
e Layer Quality Q,: one layer’s contribution to

total accuracy (1l-error). Depends simply on X.

e Effective Free Energy ﬁl’%zz estimates Q, with

a random-matrix HCIZ integral

e Gauge fixing: remove volume drift with

Trlog)~(320 <= detf(Rzl.
SETOL says: relate the HTSR power-law « to the

generalization accuracy by evaluating BI%ZQ

\ J

The Wilsonian ERG step in SETOL is a change of vari-
ables and a change of scale. The bare layer variables are the
student weights. The effective variables are the retained
correlation modes in Agz. The SETOL paper describes
this step as an Effective-Hamiltonian construction: a bare

. . =2 . . .
layer Hamiltonian for ()~ is rewritten as a renormalized



Schematic spectral diagnostics during optimizer training and overfitting
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Figure 3. HTSR/SETOL phases during training. The HT'SR power-law tail 7p1, and the SETOL Effective Correlation Space
Recs are selected independently. During training, they overlap. At convergence, they align Ricg ~ TpL, at a ~ 2.

effective Hamiltonian on the ECS [11].

ERG

_— du(:&) en'BNTH-%gS.

dp(8) e T (8)
The arrow here is a scale-invariant, volume-preserving
transformation, and is effectively taking a single step of
the Wilsonian Exact RG (ERG). It is from this convenient
construction that the ERG trace-log condition emerges.
Here, the optimal ECS flow should approach a stable scale-
balanced state near o ~ 2.

We first normalize or recaleX as

TrX =M (9)
. We call this Frobenius Rescaling.

After rescaling, SETOL then defines a volume-
preserving, scale-invariant transformation on the student
A5 and teacher X correlation matrices

Trlog Ag = 0 < Trlog Xz ~ 0. (10)
. where the tilde denotes that this trace-log condutions
holds. (i.e. X®,A%,A), This is also called gauge Fizing,
and we may say we are now on the Gauge Slice.

The layer quality (squared) is now expressed simply in
terms of the tail of the “teacher” ESD using the integrated
R-Transform Rg(z) [23]:

Ai
—2
- Z - Rg(z)dz (11)
MNER TR

where Rg(2) is an analytic function chosen to model the
PL tail (and is analogous to a renormalized self-energy)
and 5\72 is the start of the ECS. This result shows that the
layer quality depends only on the ESD (as in HTSR).

The link between HTSR and SETOL is summarized in
Figure 3, which should be read as a schematic spectral flow
rather than as a static taxonomy. The red vertical line
marks the start of the HTSR power-law tail, Tpr,, selected
by the MLE fit, while the purple vertical line marks the
start of the SETOL Effective Correlation Space, Rgcs, se-
lected by the ERG trace-log condition. Training (usually)
begins in a Gaussian/Marchenko-Pastur regime where nei-
ther boundary is stable, then a weak heavy tail forms,
correlated learning develops, and the SETOL ECS bound-
ary and HTSR PL-tail boundary move toward one another.
At the convergence point, a ~ 2 and Trlog Xr = 0; the
two selected regions then align, Ricg =~ 791, equivalently
5\7+2 — S\;FL ~ (. Empirically, this is also the regime in which
the truncated-SVD approximation, restricted to the ECS,
preserves test/generalization accuracy. The red lower pan-
els show the two failure modes beyond this boundary: a
correlation trap, where isolated rank-one perturbations
in W distort the ESD and induce overfitting, and a very-
heavy-tailed regime, where o < 2 and the system becomes
strongly (over) correlated and also overfits. At the bound-
ary is optimal learning and generalization.

SETOL suggests that the best layers in a very well
trained model sit at a Wilsonian Exact RG fixed point. The
open question is how to formulate the full RG spectral flow,
justifying the trace-log condition and a = 2 as optimal.



4 The self-averaging boundary

It is a basic principle of statistics that reliable predictions
require samples that are representative of the underlying
population. The simplest counterexample is estimating
the mean of a heavy-tailed power-law distribution. In such
a distribution, a small number of extreme observations can
dominate the average, so different finite samples may have
very different sample means. A more subtle example arises
in complex systems near a critical point. There, even when
the ensemble mean is well defined, long-range correlations
can keep sample-to-sample fluctuations large, so different
large samples do not necessarily become representative
of one another. In statistical mechanics, these ideas are
formalized by the concept of Self-Averaging.

Self-averaging versus non-self-averaging

Self-averaging asks if relative sample-to-sample fluc-
tuations Vj, disappear as the system grows.

e V3 (O) — 0: a bound can be formed
e Vi (O) 4 0: no useful (variance) bound

The self-averaging boundary is identified here where
relative fluctuations V), cease to vanish.

- J

Self-averaging means that a macroscopic quantity mea-
sured in one large sample becomes close to its average
over many samples as the system size M grows (i.e concen-
trates).. Let Ops be a macroscopic observable measured
in a system of size M, and let the mean over M samples
&m be

pnr = E[On] = (O, (12)

We say that O, is self-averaging when it concentrates
around pp; as the system size grows. When the second
moment is finite, its relative sample-to-sample variance is

] R

A standard sufficient test for self-averaging is Vy/(0) —
0 as M — oco. When V) (O) does not vanish, relative
fluctuations persist and different large samples can remain
measurably different. This is Non-Self-Averaging.

©) :ME[(DM”
IE[Oum]| 2

In NNs, non-self-averaging arises from two different
mechanisms: localized correlation traps, and long-range
collective non-vanishing fluctuations. In either case, a
model may describe its training sample well while perform-
ing poorly on out-of-sample test data.

We propose that the strongest learning occurs at the
boundary between self-averaging and non-self-averaging.
And this is not specific to NNs but a fundamental property
of all related learning algorithms.

But first, it is helpful to understand self-averaging from
different theoretical points of view: Statistical Learning
Theory (SLT), Statistical Mechanics (StatMech), and Ran-
dom Matrix Theory (RMT).

4.1 Statistical Learning view

The connection to Statistical Learning Theory (SLT) here
is qualitive; it is depicted in Figure 4.

For a fixed tolerance € > 0, consider the probability that
one sample differs appreciably from the ensemble mean,

@
pu(e) := Pr{’M —1‘ >e}. (14)
122,71
A useful concentration bound has the form
pa(e) < Bale), Bp(e) — 0 as M — oo. (15)

Such a bound says that a sufficiently large sample is likely
to be close to the ensemble mean.

On the self-averaging side, the relative variance V;(O)
decreases, so the distribution narrows and the bound can
tighten. More data or greater system size then produces
a more stable and representative answer. If V3;(0) — 0
this bound shrinks to zero for every fixed € > 0 since

Vi (O)

pu(e) < 2

(16)

A sufficiently large sample is then increasingly likely to lie
close to the ensemble mean.

On the non-self-averaging side, the relative fluctuations
do not vanish and therefor can not gaurentee concentra-
tion. There is some fixed tolerance ¢y for which V;;(O)
and pps(€p) remain effectively nonzero as the system grows.
Any valid bound must satisfy pas(eg) < Bas(eg) and there-
fore cannot shrink to zero. One can form a bound and
it may still be formally true, but it no longer improves
with width. It is flat. In practice, it can become vacuous.
Concentration may fail. In such cases, one can describe
in-sample data, but the bound no longer supports reliable
out-of-sample prediction by itself.

Self-Averaging:

Concentration to the Ensemble Mean

Non-Self-Averaging:

Normalized Observable Fails to Concentrate

Individual samples (di

t system sizes M) Individual samples (different system sizes M)

medium M oo e e

(O]

small M

large M

Omltm — 1

istribution of Oy (different system sizes M)

Oum/um 2> 1 (in probability)

Vu(©)=0(1) as Moo

No mean-centered bound can shrink to zero

Figure 4. Self-averaging and the failure of a shrinking
bound. Here py = E[On]. In the self-averaging case, the
normalized observable Oar/pa concentrates around one and
the relative variance Vi (O) tends to zero, allowing concen-
tration bounds to tighten. In the non-self-averaging case, the
normalized distribution retains finite width and Vas(O) does
not vanish, so no valid mean-centered bound can shrink to zero.



4.2 Statistical Mechanics view

In statistical physics, self-averaging is frequently stated in
terms of the data-averaged partition function Zj; as

(17)

Here &), labels one independently prepared sample of size
M, and (-)¢,, denotes an average over many such samples.
Equation (17) is a strong form of self-averaging: a single
large sample gives nearly the same free-energy contribution
as the sample average.

To expose the fluctuation correction, define

Zru—(Z2uM)

(log Znr)¢,, ~log(Zn)e,, -

= S (), =0, (19)
so that
Var(2) = 2650 = (8, (19)
Whenever the expansion is controlled,
(log Znm)¢,, =1og (Znm),, + (log(1 +dum))e,,
=log (Zm)¢,, — VM (Z) + 5 (83)e, — -
(20)

Thus the difference between the two sides of Eq. (17) con-
sists of sample-to-sample fluctuation terms. If the relative
variance and higher normalized fluctuations vanish, the
two expressions agree to leading order. If they remain fi-
nite, one large sample need not represent the full collection
of samples, thereby failing to generalize.

SETOL and the Spectral Energy. Section 3 gives
the corresponding effective free energy of layer quality
(squared) generating function ST%% o0 Eq. (6). We use this

and ,Eq. (11) to write the ECS-averaged quality (squared)
Q? = Q2/Mz, now averaged over the retained ECS R:

Q"=

- Mg -
XNiER

~ _ by
Gx(%). Gz = [ Ryl d= 1)

Nt
R
where Rg is the R-transform of the retained spectrum. Its
local free-cumulant expansion is
Rx(2) = sy +
Writing

my = mﬂxp _/;\%ﬁn(j\n) dS\R,

(23)

To simplify the analysis, let S\Jr ~ (; evaluating Q2 gives

Q% =wmy + n(f)mg + %Iiéf)mg +--- (24)

Since m§f ) = my, this gives the ECS-average layer quality

as Q ~ my. The leading additive spectral quantity is then
~ 1 ~ - - -
ER =myp = Mi TI"XR = /)\72,072()\72) d)\’]g (25)
R

Notice that we choose TrX = M, but once we are on
the gauge slice and have imposed the trace-log condition,
Tr X # M and can flow. This is the Spectral Energy; it
is the relevant macroscopic observable for our RG power-
counting analysis.

Ising-model analogy and the self-averaging test. A
similar structure appears in the Ising model. Let M denote
the total magnetization and let a field h enter through
H(h) = Ho — hM. Then log Zp(h) is the cumulant-
generating function for M:

Zu(h) _ 5~ (BR)”
log Z0(0) n; p Kn(M). (26)
The first field-dependent term is Sh k1 (M) = Sh{M), and
the magnetization density is
WM 10,

where the brackets () g denote the ordinary thermal average
within one fixed sample. Thus the total magnetization is
the first cumulant, and m, is its leading additive density
generated from the Ising free energy. In the same sense,
Exr = my is the first additive spectral quantity generated
by the SETOL expansion. It is therefore the first quantity
to test for concentration:

VMR (ER) T) 0. (28)
In the disordered Ising model and related random critical
systems, the sample-to-sample relative width of the mag-
netization and susceptibility does not necessarily narrow
at the critical point. Instead it can remain finite as the
system grows, so these observables are non-self-averaging
[35, 36, 37]. The analogy here is that if Ex does not
self-average, then the leading SETOL contribution already
depends on the particular training sample or run.

Why criticality defeats averaging. The sample-to-
sample fluctuations above compare independently prepared
systems; they are not the ordinary thermal fluctuations
inside one fixed sample. Away from criticality, the corre-
lation length /.o, is finite, so a d-dimensional system of
linear size L contains roughly (L/feor)? nearly indepen-
dent correlated regions, whose differences average away. At
a disordered critical point, £.or ~ L, so the effective num-
ber of independent regions can remain O(1). Increasing
the system size then need not reduce relative fluctuations.
This is one reason why magnetization and other singular
observables can remain non-self-averaging at criticality.
For the retained spectral energy,

_ 1 -
VarfM (ER) = 352 Z COVEM ()‘R,i’ AR,J')'
R ijeR

(29)

If the eigenvalue contributions fluctuate nearly indepen-
dently, the off-diagonal terms are small and the average
can concentrate. If many modes fluctuate coherently, the
covariance terms add rather than cancel, and the relative
variance can remain finite even when the spectrum con-
tains many modes. Er plays a similar diagnostic role as
magnetization for critical, non-self-averaging behavior.

Correlation traps, however, provide a second, different
route to non-self-averaging, even at criticality; we discuss
this in the next subsection.



4.3 Random Matrix Theory view

Random Matrix Theory gives a direct finite-matrix test
of the self-averaging boundary in the form of Correlation
Traps. Starting from a trained layer, we randomize its
entries elementwise,

W — W7 :=rand(W), (30)
by flattening the matrix, randomly permuting all N M en-
tries, and reshaping it. This preserves the exact weight mul-
tiset and its one-point statistics, but removes the learned
arrangement of those weights. For the classical spectral
test, W™ is therefore uncorrelated and effectively i.i.d:

W,:jr eﬂ.‘,\ljl.d. b\W (31>

The observable is the full ESD of X™ = N~}(W™)TWT.
For a large finite-variance matrix, this ESD approaches
the deterministic Marchenko—Pastur (MP) law [16]; MP is
the self-averaging baseline. It is the large-N limit (Q = %
fixed) of the mean distribution p™ () for the ESD of W7.
For a typical i.i.d. rectangular matrix, we expect all the
eigenvalues to lie within the MP bulk, to within finite-size
Tracy-Widom (TW) fluctuations [17, 18].

If an eigenvalue Aiap appears beyond the MP bulk
edge )\f\F/IP plus the TW scale Atw, we call these outliers
Correlation Traps.

)\trap > >\1\+/[p + ATVV (32)

Figure 5 illustrates several correlation traps.

MP ESD for layer 2 Linear Randomized
Q=3.92 0;pp = 0.949 Rpyp = 0.472 # spikes=9
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0.0

Figure 5. The randomized MP test. After W — rand(W),
the bulk follows the MP fit. The dashed line marks the far
bulk plus TW edge ()\R',[P + Arw); persistent eigenvalues to its
right are counted as correlation traps.

A finite number of traps may leave the limiting MP bulk
intact, since each outlier carries mass 1/M. The violation
is instead localized at the edge: the largest A are no longer
explained by ordinary finite-size fluctuations.

Figure 6 (top panel) depicts results from a long-horizon
grokking experiment, where a three-layer MLP is trained
on a subset of MNIST until it induces pre-grokking mem-
orization, then good performance (grokking), and finally
overfitting (anti-grokking)[12, 13]. The red line denotes
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Figure 6. Long-horizon grokking. Top: test accuracy falls
as the randomized-spectrum trap count rises. Bottom: the
fitted exponent subsequently crosses below o = 2. The aligned
horizontal axes show the order of the warnings [12, 13].

the training accuracy, which becomes perfect at about 10°
training steps. The purple line denotes the test accuracy,
which increases to optimal at about 10° steps, and then
drops sharply. The blue line counts the number of corre-
lation traps in the system (in all three layers). The traps
become non-zero as soon as the system test accuracy drops
at 100 steps, and increase with decreasing test accuracy.

The bottom panel displays the average layer « for the
FC1 and FC2 layers. Notice that o — 2 as the performance
increases, and a < 2 after first correlation trap forms and
the test error drops. The drop in average « is late because
the traps distort the ESD and the PL fits.

These results indicate that conventional overfitting
leaves a spectral record in the weights. Training accuracy
remains high, but held-out accuracy degrades as persis-
tent MP-edge anomalies accumulate. Traps are often seen
with aggressive learning rates or prolonged training. Early
stopping and weight decay can help, but neither directly
checks whether the randomized ESD has returned to MP.

The trap test is different from HTSR. Traps are mea-
sured on rand(W); HTSR is measured on the original
correlated W and treats its broad non-MP ESD as learned
structure [8]. A trap can distort the upper ESD and
damage the power-law fit, sometimes contributing to an
apparent a < 2. Conversely, a smooth heavy-tailed ESD
can cross below two without an isolated trap. Thus col-
lective heavy-tailed fluctuations and localized correlation
traps are distinct mechanisms of non-self-averaging.



RG flow as decimation, rescaling, and controlled spectral energy
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Figure 7. Operational RG flow for one dense layer. The step first decimates tiny-eigenvalue noise and retains an ECS tail R.
The SETOL-normalized retained eigen\lalues are A\r;, and the retained dimension is Mz = |R|. The ERG trace-log condition
fixes the product scale, M7€1 > ier 10g(Ar,i) = 0. The remaining spectral energy gain is then tested for stability.

5 Wilsonian RG Flow

Optimizer-induced RG flow

Wilsonian RG describes the flow of the layer ESD(s)
induced by the optimizer steps O[]

Wi = O[Wy], RGp(N)] — pran(N)

The best layers approach an RG fixed point §grg-

- J

This section describes a Wilsonian RG construction for
the spectral density p()) as the heavy-tailed power-law
density forms and approaches the HTSR « = 2 candidate
optimal state under the SETOL ERG trace-log rescaling.
It is the shape, not the scale, that regulates the final layer
quality and therefore the final model generalization accu-
racy. The retained layer should help accuracy improve, or
equivalently help error decrease, without making the layer
contribution explode or collapse. ERG trace-log normaliza-
tion removes arbitrary scale. The RG construction shows
when the spectral shape collapses, diverges, or converges.

The goal here is to identify an effective description of

a trained layer—the Effective Correlation Space (ECS)-by
repeatedly removing small-scale spectral components, re-
taining the dominant correlation structure, and eliminating
redundant overall scale. Rather than develop a formal RG
map, we describe the construction operationally using a
truncated-SVD picture together with explicit ERG trace-
log renormalization. The resulting flow acts on the retained
spectral density (in the ECS) and motivates the HTSR
«a = 2 as the boundary between learning and overfitting.

Figure 7 depicts the RG operational training flow which
is generated by the training dynamics of the underlying
optimizer on each step: Wyy; = O¢[W,]. In practice,
the RG flow can be seen as a series of truncated-SVD
steps, called decimations. Each step keeps the dominant
spectral directions that contribute to the generalization
accuracy, while dropping directions that do not matter at
the current scale. Each retained layer is rescaled according
to the trace-log law. The best performing models have
layers that approach the SETOL ERG fixed point §gra,
converging to an ESD with HT'SR PL exponent a ~ 2,
neither overfitting (« < 2) nor underfitting (o > 2) their
training data.



5.1 HTSR phases and RG

HTSR provides the empirical starting point for the RG
analysis. Section 2 described trained layer spectra using
HTSR heavy-tailed universality classes. Here we use those
classes as a coarse description of training flow. We do not
start with a microscopic model of the data, the optimizer,
or the architecture. We start with the observed fact that
trained layer ESDs often develop heavy-tailed power-law
spectra.

Table 1. HTSR classes interpreted as an RG flow.

Phase Exponent RG meaning
Random-like / Bulk+Spikes no PL fit Gaussian branch
Weakly HT a>2 weak-energy sector
Moderately HT a > 2 approach to boundary

Strongly HT
Very HT / traps

balanced boundary
dominant-tail sector

a=2
a <2

Table 1 labels the HTSR phases, and Figure 7 shows
how a layer moves through them. Training starts with
many tiny-eigenvalue modes and a weak or steep tail, then
retains an ECS tail and moves the ESD toward a more
structured heavy-tailed spectrum. The spectral energy E
from Eq. (25) gives this motion its learning meaning: for
a > 2 the retained energy is weak and can collapse (orange
panel), near o ~ 2 it remains balanced across scales (green
panel), and for a < 2 the tail modes can carry too much
energy and drive the overfit regime (red panel) where the
energy diverges.
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Figure 8. Heavy-Tailed Mechanistic Universality.

Figure 8 illustrates what HTSR calls Mechanistic Uni-
versality. Different architectures, datasets, and optimizers
can produce the same heavy-tailed spectral endpoint. This
universality is spectral, not elementwise. It is a property of
the ESD of the correlation matrix X = N"I'WTW, not a
consequence of the distribution of entries W;;. Indeed, the
entries are generally not HT (unless the layer is overfit);
learned correlations can make the spectrum heavy-tailed.
Here we interpret this mechanistic universality as a preview
of RG universality; SETOL provides the bridge.

5.2 SETOL and RG

SETOL contributes the scale convention for the RG anal-
ysis. Section 3 introduced the layer quality generating
function, an effective free energy ﬁI%Zz and showed that

the Wilsonian ERG construction leads to the ERG trace-
log condition. The present paper does not need to evaluate
the full SETOL quality Q. Instead, we use the ERG trace-
log condition to define the scale, and we study the flow of
the retained spectral energy E on that scale.

SETOL — RG energy flow

Spectral Energy:

~ 1 ~ - - -
FE = MiTer = /)\RpR(AR)d)\R.
R
Gauge fixing: B
Trlog Xz = 0.

Truncated SVD is exact

W — Wg =UXZgV'

S = diagl0, - ,0,01,09, - Oamg), i ~ VA
RG studies how the spectral components concentrate.
(. J

Figure 7 shows RG decimation, rescaling, and the re-
sulting energy flow. The ERG trace-log is the scale-fixing
operation; it is not itself the flowing energy. The quantity
whose flow we study is the retained spectral energy F,
rescaled as needed. Eq. (25) defined this energy as the
first moment of the retained ECS. The RG question is
therefore concrete: after the trace-log removes arbitrary
product scale, how does E flow across spectral scales?

We answer this question by using the trace-log to mea-
sure covariance volume. On the retained positive spectrum,

Trlog Xz = logdet X = Z log \;.
iER

(33)

Thus the trace-log measures the logarithm of the retained
covariance volume. It does not add eigenvalue gains di-
rectly; it measures their product scale. Once fixed, the
natural comparison for the RG flow will be across fixed-
ratio bands [A,bA], or equivalently across equal-width
intervals in log Ag; this lets us define a Spectral Band
Energy, Gg(A,b), below.

At the proposed Wilsonian ERG fixed point, the layer
weight matrix W can be replaced by its Truncated SVD
form, Wr = Wr = UZR VT, where 5 is the diagonal
operator of Mg singular values (o;) (properly normalized)
defined on the retained ECS, and zero for the other M —
My ones. Doing this, SETOL predicts the model can
faithfully reproduce the test/generalization accuracy. That
is, the layer generalizing components fully concentrate into
the ECS.

The next subsection shows that the HTSR power-law
tail peain(\) makes the energy gain stable at a = 2. That
is, we illustrate that « is analogous to an RG universal
critical exponent.



5.3 Operational view of the RG flow

Figure 7 depicts the spectral RG flow for one layer. The
flow turns the ideas from Sections 5.1 and 5.2 into a re-
peatable operation: decimate tiny-eigenvalue noise, retain
an ECS tail, impose the SETOL ERG trace-log gauge, and
compare the remaining spectral shape. Section 5.1 supplies
the HTSR input: the retained ESD should approach a
power-law tail, with the strongest checkpoints often near
a =~ 2. Section 5.2 supplies the SETOL input: generaliza-
tion accuracy is controlled by the layer ESD through the
ECS and the trace-log condition. Section 4 supplies the
risk test: on the SETOL-normalized retained ECS, the
retained spectral energy should self-average instead of con-
centrating in a few dominant tail modes. This subsection
makes that control flow operational.

Figure 7 separates the RG step into four actions. First,
the step removes tiny-eigenvalue noise that does not con-
tribute to the retained correlation structure. Second, it
keeps the ECS tail and represents the layer by the trun-
cated matrix Wg. Third, it evaluates the retained oper-
ator on the Frobenius rescaling Tr Xg = M and checks
the ERG trace-log gauge. When the trace-log is exact,
the ECS is exact. Fourth, it tests the remaining spectral
energy. The point is not to reproduce SGD or any mi-
croscopic optimizer. The point is to take an RG view of
the training flow and describe the learning process as a
coarse-graining induced by the optimizer trajectories by
considering the linearized spectral view at each layer.

The three regimes in Figure 7 give the operational mean-
ing of underfit, balanced, and overfit. In the orange regime,
a > 2 and the tail is steep. The retained layer may self-
average, but the spectral energy can be too weak to carry
enough learned correlation. In the green regime, o >~ 2
and the retained spectral energy stays balanced across
logarithmic spectral scales. This is the stable layer-quality
regime. In the red regime, o < 2 or correlation traps
appear. The spectral energy diverges in the RG flow, the
layer quality can become strongly non-self-averaging, and
the generalization accuracy degrades.

SETOL suggests that the RG flow induces a truncated
layer W. SETOL maps layer quality, and therefore gener-
alization accuracy, to the layer ESD. Once quality depends
on the retained spectrum, not on every microscopic weight
Wi ;, an effective description can replace the full layer
by a retained ECS matrix. At the fixed point, SETOL
predicts that the ECS aligns with the HT'SR power-law
tail and that the truncated-SVD layer Wy preserves the
test/generalization contribution of the original layer. This
is the reason the operational RG step in Figure 7 is a
truncated-SVD step.

The RG flow acts on retained spaces and retained oper-
ators together. At step (n), the effective object is

(r x2).

MY = |R™). (34)

A decimation step changes R("™ by removing eigencom-
ponents outside the current correlated description. the
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ECS is selected by imposing the trace-log gauge condition
on the Frobenius-normalized retained correlation operator:
Trlog X(™ = 0;

SETOL then selects the 5%, the start of the ECS, based
on the trace-log condition

Z log ;\R =0, :\R > ;\7-; (35)
AR

At optimality the ECS starts at the PL tail, 5\7+2 = S\fSL.
When a < 2, the ECS can be smaller than the PL, with
A} > PLstart. This indicates that a few tail eigencom-
ponents can dominate. Simultaneously, the PL tail can
extend deep into previous bulk region, indicating that the
spectral fluctuations may not concentrate (as in Eq. 29).
These two mechanisms are central to understanding why
«a < 2 is a signature of overfitting.

The ECS arises implicitly during the optimization step
as the learning mechanism effectively compresses the model
at each layer, causing the generalizing components of each
W to flow into a lower-rank representation. But it is
unclear how much compression is enough, and how much
is too much. But because the typical optimizer is not
aware of the RG flow, the ECS may be too weak and the
spectral energy may collapse. Or, the layer may be overfit
to the training data, causing the spectral energy to diverge
because it concentrated in a few dominant modes, or many
strongly fluctuating modes.

The retained ESD is the shape variable defined by the
RG step. Formally, we can write

~

. 1 -
PR(AR) = e > 60k — AR,

[ #rGm) dim = 1.
i€R

(36)
In practice, however, we use the discrete retained spectral
energy (on the gauge slice)
~ 1 ~ < - -

R

Section 4 showed why this energy matters: it provides
a layer-level quantity that can self-average when many
weakly correlated retained eigencomponents contribute,
but (again) can fail to self-average in two ways. First, a
small number of dominant modes can control the energy,
as in correlation traps. Second, and more importantly
here, collective correlations among the weights can keep
the relative fluctuations of the spectral energy at order one
across the entire ECS. This behavior is marginal at o = 2
and becomes increasingly tail-dominated for av < 2, where
the largest eigencomponents can carry an O(1) fraction
of the total spectral energy. Although the boundary at
«a = 2 may therefore be marginally non-self-averaging, the
spectral energy grows only logarithmically with system
size. This is shown below, however, first we would like
to show that the SETOL trace-log condition naturally
emerges through a scale-invariant RG flow defined by the
unit Jacobian, the physically relevant RG transformation.



5.4 Scale Invariant Flow

An RG flow requires a series of scale-invariant decimation
maps which here are characterized by the trace-log condi-
tion on the retained ECS space during the training flow.
The trace-log comes from the Jacobian of the retained
coordinate map. Figure 9 isolates the retained coordinate
map used in the ERG trace-log gauge step.

In this subsection, W5 denotes
WR = WVR, (38)

where Vg contains the retained right singular vectors, and
Wgx is N x Mgz (not the zero-padded).

X = VEX Vg = diag(\i)ier- (39)
After selecting R, let a € RM®R be
1
a) = —=Wga. 40
) = =W (40)
The ordinary coordinate Jacobian is therefore
dy 1
= =— . 41
9a = TN VR (41)

This Jacobian is not a training-time derivative such as
dW /dt or dX/dt. It is the derivative of retained output
coordinates with respect to retained input coordinates.

Retained coordinate map

aeR, y(a) = N1 2Wga
Dgay = 8y/da = N~12Wg

ap VA
] = (=
unit Volumea1 .
in R image volume
[ Xg = (Da)’)T(Day), J;{V = vydet Xg ’
log J)¥ = § Trlog Xz

Figure 9. Retained coordinate Jacobian. After the ECS/SVD
decimation selects R, the retained layer sends coordinates
a € RMR to y(a) = N"Y?*Wga. The ordinary coordinate
Jacobian is 9y/8a = N™Y?*Wg. Its raw image volume is

JW = /det X%.

The determinant appears because the retained map
changes volume. Since Wx may be rectangular, we do not
take an ordinary determinant of Wy. We take the induced
My -dimensional volume factor. The squared volume factor
is the Gram determinant,

det[(\/lﬁWR>T (\;NWRN =detXp.  (42)

Equivalently,

T
1
WR> (WR) = VEXVy =Xp. (43)

() (o
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Therefore the raw retained volume Jacobian is

TR =+/detXr =[] VN

i€ER

(44)

Taking logarithms gives

log J %log det Xp = %Tr log X = % Z log \;.
i€ER
(45)
Thus the trace-log is the additive log-volume of the retained
coordinate map.
The SETOL ERG gauge evaluates this retained volume
using the normalized retained operator Xz and retained
eigenvalues 5\73,1'. The normalized retained volume factor

is

jR = det jv(R = H \/ 5\72’2‘. (46)
i€R
Taking logarithms gives
~ 1 - 1 -

log Ji = 5 Trlog X = 5 Z log (ARJ) .

i€ER

The scale-invariant ERG condition is
Jr ~1 = Trlog X ~ 0. (48)

This is the ERG trace-log gauge-fixing constraint; after
the training step O¢[W¢], it defines the retained ECS at
the next step of the RG flow. The optimizer flow thus
both generates and implicitly tracks the RG flow.

The Jacobian argument gives the same trace-log condi-
tion as SETOL. SETOL obtains the condition from the
HCIZ effective free energy, where the change from weights
to correlations produces a log-determinant term. The RG
argument obtains the same condition from the retained
coordinate map for any selected ECS.

The fixed-point object is a normalized ESD shape, not
a raw matrix. The raw operator X can change during
training. The operator X places the retained spectrum
on the fixed normalized scale. A fixed point means that
this retained spectral shape remains stable after further
decimation and trace-log testing. At the proposed fixed
point, the SETOL/ECS window and the HTSR power-law
window align,

Rics =~ T, Trlog X ~ 0.

(49)
This alignment is not a definition. It is the measurable
agreement between the trace-log effective space and the
independently fitted HTSR tail.

The truncated-SVD claim is the operational test of the
fixed point. SETOL predicts that, at the proposed RG
fixed point, one can replace W with the lower-rank (zero-
padded) Wx without degrading the layer’s generalization
contribution. This is why the RG step can be described
as a truncated-SVD decimation.

The next question is then to understand how a = 2
emerges as the boundary between optimal learning and
overfitting and is analogous to a critical universal expo-
nent.

Ptail(j\) ~ A2



Table 2. Scale counting, statistics, and empirical meaning of the three spectral regimes.

Regime spectral energy per scale Scale-flow meaning Statistical meaning Learning meaning

a>2 S\Qp()\) ~A2me 50 Spectral band gain decays; weak- First moment self-averages; dom- Stable but potentially
tail sector or approach toward inant tail components stay con- weakly correlated or under-
the trivial fixed point Fp. trolled. trained tail.

a=2 A2 p(A) ~ X0 Scale-balanced logarithmic-band Marginal self-averaging boundary. Maximal stable structured-
state; candidate Frrg when Universal critical exponent. variation capture before tail-
ECS aligns with the fitted tail. component domination.

a <2 :\Qp()\) ~ 227 oo Spectral band gain grows toward Tail components and fluctuations Overfit risk; correlation

the dominant tail components.

can dominate the first moment. traps; held-out degradation.

5.5 RG Scale counting

RG scale counting asks how the layer-quality contribution
changes as we move across spectral scales. In our spectral
RG description, the spectrum is not treated as a flat list of
eigenvalues. It is grouped into scale bands [X, bA] that are
natural for a power-law distribution. Then we ask whether
each band contributes a stable amount on the SETOL
trace-log gauge, or if the gain collapses/diverges.

RG boundary

RG counts gain by scale.

bA :

Go(A,b) = / Ap(\) di.

A
p(A) =CA™®,  a=2= Gg(A,b) = Clogh.
e o > 2: larger bands contribute less and less gain.

e « = 2: each log band contributes the same gain.
e « < 2: spectral energy diverges

a ~ 2 is the log-scale-balanced boundary.

\ J

One RG step is a spectral operation in this paper. It
discards eigencomponents outside the current effective
description. It evaluates the retained operator on the fixed
SETOL scale Tr Xg = M. It then compares the retained
spectral shape with the previous retained shape. A fixed
point means this decimate-and-test operation no longer
changes the retained spectral shape or layer-quality gain.

The word “exact” is narrow here. In SETOL, it refers
to taking a single scale-invariant transformation, as in
Eq. 8. Here, it refers to a proposed Wilsonian map on the
retained spectral distribution, not to a closed-form solution
of the full network dynamics. We identify the candidate
boundary and the candidate fixed-point signature of this
map. It does not claim that one finite checkpoint exactly
solves the full RG flow, although it is hypothesized.

The three spectral regimes are summarized in Table 2.

These are direct analogues to the reduced description of the
HTSR classes in Table 1. Each regime arises by considering
the behavior of the spectral band energy in the limit of a
continuous RG flow along the log-bands.

The fixed point is layerwise. We do not posit one global
fixed point for an entire multi-layer network. Rather, each
layer has its own spectrum, its own retained ECS, and
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its own Wilsonian-style spectral fixed point. A strong
checkpoint is therefore a coordinated network state in
which the matrix-like layers sit near their own SETOL
ERG fixed points.

Because the spectral density p()) is heavy-tailed power
law for a well-trained layer, the natural RG scale band is
logarithmic in 5\, and the natural coordinate is

x = log \. (50)

A fixed-width interval in z is a fixed-ratio spectral shell
Ae [A,bA]. This is the spectral analogue of coarse-graining
by length scale in ordinary RG. Each logarithmic band
asks how much spectral energy is contributed by one mul-
tiplicative decade of eigenvalues.

_The object being counted is retained spectral energy
E (36)/ Since d\r = Ag dlog g, we have

dE = Arpr(Ar) dAr = Mapr(Ar) dlogAr.  (51)

Thus the spectral energy per logarithmic spectral scale is

———— = A2pr(AR). (52)
Substituting ,BR(S\R) ~ 05\7_30“ then gives C’:\?R_O‘, soa =2
is precisely the case in which each multiplicative spectral
shell contributes the same spectral energy. In the RG
sense, we say a = 2 is marginal.

This quantity answers an interpretable question: how
much of the retained layer’s quality gain, and therefore
how much of its possible accuracy contribution, lives near
this multiplicative eigenvalue scale?

A power-law tail makes the answer transparent. Given
the retained PL tail, we can evaluate Eq. 52 as

dE ~
- = C)\%—a.

pr(AR) ~ CAZY —
PR( R) R d1og An

(53)
Table 2 summarizes the three RG regimes. When o > 2,
the high-eigenvalue shells carry less spectral energy with
scale. The strongest generalizing components are less and
less important. Generalization occurs but is weak. When
a < 2, high-eigenvalue shells carry more spectral energy
with scale. The largest retained directions can dominate
and the spectral energy diverges. When o = 2, the change
in energy is constant for all logarithmic shells; each shell
carries comparable spectral energy gain.



Table 3. Special RG notation used in this section.

Term Notation Meaning here

RG step Recs Project to the retained ECS and evaluate the ESD on the SETOL scale.
Fixed point Rrclp*] = p* A SETOL-normalized ESD that is unchanged by the RG step.
Weak-tail branch Fo0, gg undefined The trivial solution HTSR Random-like phase and nearby ESDs.

Correlated branch
Band Energy

Band gain

Spectral Beta function
Scaling dimension
Marginal condition

SERG

Ggr(A)

9E(AR) == AR (AR)
BE(9E) = dgr/dlog Ar
Yg = 2 — (0%

yg =2—a =0

The empirical RG fixed point candidate.

Spectral energy carried by one logarithmic spectral band.

Spectral energy per logarithmic spectral scale.

The scale derivative of the spectral energy. For a PL tail, Bg(9r) = (2 — a)gg.
The RG exponent controlling energy or spectral energy.

The logarithmic spectral bands are balanced and carry comparable energy/gain.

We now do the full RG scale-counting calculation of
the spectral band energy gain for each regime. Table 3
summarizes the RG notation used below.

The finite-shell calculation says the same thing without
derivatives. For a multiplicative shell [A, bA],

bA
Ggr(AD) = MPpr(AR) dA\R. (54)
A
If ﬁn(qu) = 05\772&, then for a # 2,
C [(bA)Q_O( _ A2—a}
A =
Gr(A,b) P : (55)
while for a = 2,
Gg(A,b) = Clogb. (56)

The last expression is independent of A. That is the
cleanest statement of spectral scale balance: a fixed-ratio
band carries the same spectral energy no matter where
the band is placed in the tail.

We therefore use the spectral shell gain itself as the
running coupling,

dE
" dlog Mg

ge(AR)

= A2 R (AR). (57)

This derivative is taken within one fixed checkpoint while
neighboring spectral bands are compared.

The local slope is a scale derivative. It is not a training-
time derivative. It compares neighboring eigenvalue bands
inside one checkpoint. In RG language, this scale derivative
is called a beta function. Define

- dlog pr (A
o0 (i) = — 108PROR). (58)
dlog A\r
Then
sOr) =~ log [(2r(hn)] =2 - anue(Ar). (59)
dlog A R o

and equivalently

dgp

—_— (60)
dlog \r

= {2 - aloc(S\R)} gr(AR).
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For an exact power law on the fitting window, we can then
define the leading, or tree-level, RG beta function

dgr N

BE(9E) = m = (

(61)

2-a)gr

where the associated scaling dimension is

yg =2 — . (62)
The sign of yg determines whether spectral energy is
relevant, irrelevant, or marginal under rescaling. This
scale-counting argument identifies the marginal boundary,
but it does not by itself prove a complete Wilsonian fixed
point.

The fixed-point language should therefore be read oper-
ationally. A fixed point is not a single training checkpoint.
It is a SETOL-normalized spectral shape that is stable
after the final decimation and trace-log testing.

The weak-tail branch is the trivial solution in which no
extensive retained ECS survives the coarse graining:

Mg

The correlated solution is the ERG fixed-point candidate,

So : gp undefined  (63)

SERG : 0<gp<oo, ax2 Rieg>Tp. (64)
Power-law scale invariance alone does not uniquely select
a = 2; what distinguishes a* ~ 2 is that the spectral
coupling is marginal.

This is the RG critical boundary. The scale exponent
yE = 2—a changes sign there, so « = 2 plays the role of the
critical exponent for this HTSR spectral universality class.
Thus a = 2 is the tree-level scale-balance condition for
logarithmic bands, while Fgra is the empirical correlated
fixed-point candidate.

Returning to the earlier discussion, notice that the
HTSR boundary between self-averaging and non-self-
averaging phases occurs at the same exponent as the RG
scale-balance boundary. That is why o = 2 is not merely a
fitted number. It is the proposed operational critical point
where a layer has learned as much correlation structure as
possible before overfitting.

By leveraging this RG spectral view, one can now design
optimizers that approximate the RG flow; the next section
explores this.



5.6 Removing Redundant RG Directions

A Wilsonian RG flow is a flow on equivalence classes,
not on every microscopic coordinate. Field redefinitions,
coordinate changes, and normalization conventions can
move the representative of a theory without changing its
long-distance content. These motions are the redundant
directions of RG theory. They are distinct from irrelevant
directions: an irrelevant perturbation changes the theory
but decays under coarse graining, whereas a redundant
perturbation changes only its description. In the retained
spectral description, the physical state is therefore the
trace-log-gauge-fixed ECS modulo transformations that
leave its quotient spectral shape unchanged.

For a small displacement dW, two redundancies are
relevant:

e Trace-log (volume) drift. The update changes the
retained product scale and leaves the chosen gauge slice,
while leaving the normalized spectral shape essentially
unchanged.

Isospectral coordinate motion. The update changes
retained coordinates by an orthogonal similarity trans-
formation without changing the retained eigenvalue
multiset.

The remaining component is the candidate physical RG
motion: it can redistribute spectral mass, change the tail
burden, or change the fitted exponent «.

physical RG-flow:

after quotient projection
/_I\ corre¢lated

current| state 0= = = = = = = = = | fixed point Fera

IS

| q\lobicn\t Spectral space

modmule \red\unaa\nt ‘tr\ansformations
! 1
e Y_Y VY

redundant |\ \

directions |
« @ Fo: Gaussian branch

Figure 10. Redundant directions in the spectral RG
flow. A raw update contains physical and redundant compo-
nents. Projection by I — P,eq removes motion inside the redun-
dant fiber and leaves the quotient-space flow toward FerG-

Let the abstract coarse-graining map be

HRG W i— [)NCR], (65)

where brackets denote the equivalence class after gauge
fixing. A redundant direction Z lies in the kernel of the
linearized map,

DIl (W)[Z] = 0. (66)

Thus every infinitesimal update decomposes as

W = (Sthys + 0Wed, O0W eq € ker DIIgc (W),
(67)

and the quotient representative is
OWRG = (I — Prea)OW. (68)

By construction, this removal must preserve the physical
infinitesimal motion,

DlIlre(W)[0Wrg] = DIIrc(W)[IW]. (69)
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The trace-log condition provides a convenient gauge
slice,

Tr(W) := Trlog Xz = 0. (70)

A projected vector must remain tangent to this slice to
first order,
DTR(W)[0WRgrg] =0, (71)

or equivalently Tr (W + e§Wgrg) = O(e?). This removes
scale drift normal to the slice, but it is not the full quotient
condition: retained-coordinate transformations can satisfy
DTg = 0 and still be redundant. Abstractly, if {Z,} spans
the chosen redundant subspace and

Hyy = (2, 2,)p, (72)
then the local orthogonal projector is
PreeadW =Y "2, (H"),0,(Zy,, W) p. (73)

T2

Writing G := VwTg, the normal trace-log component is

<6Wa GT)F

Gr. (74)
Subtracting it produces a vector tangent to the gauge slice.
This is necessary but not sufficient. If retained coordinates
are rotated by

O(e) = e,

AT = —A, (75)

then

X — O(e) T Xz0(e), 0Xgr =[Xg,A]l. (76)
This motion preserves both spec(}zn) and Tg, so it lies
inside the gauge slice while remaining redundant. The
quotient projector must therefore remove both the normal
scale direction and the selected tangent generators of these
isospectral orbits.

The interpretation is geometric. The trace-log condi-
tion chooses a local section through a bundle of equivalent
spectral descriptions; P,.q removes the vertical component
of the raw vector field; and §Wg is its horizontal repre-
sentative. Fixed points should consequently be defined in
the quotient: a representative may continue to move by a
redundant transformation even when its physical RG state
has stopped evolving. Conversely, satisfying Tz = 0 does
not by itself identify a fixed point, because substantial
physical shape flow can remain tangent to that slice.

This subsection states only that RG geometry. A fi-
nite optimizer step generally leaves the slice at second
order and can change the retained support. It therefore
requires a retraction, damping, acceptance safeguards, and
recomputation of the ECS. Those implementation choices,
including how the redundant basis is approximated with-
out overwhelming the supervised optimizer trajectory, are
deferred to Section 6.



6 Optimizer Extensions

The base optimizer supplies the supervised training trajec-
tory. The RG construction does not replace that dynamics;
it acts on the completed optimizer step and nudges only
the retained spectral coordinates associated with redun-
dant RG motion. Any correction should therefore remain
local, damped, and subordinate to the loss-driven update.

RG-aware correction

For each proposed optimizer update AW;, select the
working ECS (i.e by the midpoint rule)

Mp1, ¢ + M1,

= [

J L Re= {1, (M)}

Use the off-gauge residual

Tt(Wt) =Tr IOg Xﬁt (Wt)
to nudge the proposed update toward

T‘I'lOgiRt =0, aR, = 2,

and remove redundent isospectral motion

Xg, — O'X%,0, O(e)=e?, AT =-A.

Nudge the optimizer trajectory toward the RG flow.

The construction summarized above has three parts.
First, we select a working retained space between the
trace-log ECS boundary and the fitted power-law bound-
ary. The midpoint rule is a conservative finite-size choice:
it avoids relying on either noisy boundary alone while
retaining modes that are plausibly both correlated and
described by the fitted tail. Second, the off-gauge trace-
log residual measures motion in the retained log-volume
direction. Contraction along this direction drives the cor-
related sector back toward the weak-tail trivial fixed point
$o; suppressing that component prevents this redundant
return flow, while the spectral shape is nudged toward
the marginal state a = 2. Finally, one would also like
to remove isospectral rotations within the retained space.
This step is harder because a rotation that leaves one
layer’s ESD unchanged need not leave the full network
function unchanged unless neighboring layers transform
compatibly.

The first operation is a one-dimensional projection fixed
by the trace-log. The second is a larger quotient-space
problem: an isospectral rotation of one layer is not auto-
matically redundant for the complete network.

6.1 RG-guided optimizer flow

Let the base optimizer propose

AW, =W, — Wy,
(77)
where H; is its internal state. The RG extension acts on
this finite displacement after momentum, preconditioning,
clipping, weight decay, and the other microscopic optimizer

W1 = Proposal, (W, H;),
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rules have already been applied. Its purpose is not to re-
place the supervised optimizer, but to nudge the proposed
displacement and the resulting optimizer trajectory toward
the candidate spectral RG flow.

1. Select a working ECS and measure its off-gauge
trace-log. At step ¢, select a working ECS candidate R,
from the spectrum of the current layer (or, in a finite-step
implementation, from the base proposal), and let Vg,
contain its retained right singular vectors. This selection
identifies the retained space on which the RG diagnostic
is evaluated. It does not assert that the retained operator
already satisfies the trace-log condition. During the local
differential calculation, R, and Vg, are held fixed. The
equations below linearize at W; a post-proposal implemen-
tation may instead evaluate the same residual and gradient
at \/7\\/}“. Neither choice assumes that the evaluated state
lies on the trace-log target.
Define the pre-gauge retained operator

— 1
XRt (W) = V%f <NWTW) VRt? MRt = |Rt|v
(78)

and its trace-log residual
T;(W) := Trlog X, (W), Gy :={W : T3(W) = 0}.

(79)
The set G; is the candidate trace-log target for the fixed
working support. The actual retained state generally lies
off this target: T;(W;) and Tt(\/ﬂ\/'tH) need not vanish.
Their nonzero values are the control signal used to measure
how the external optimizer trajectory departs from the
proposed RG flow.

Writing
GT,t = VWTt(Wt)a (80)
the fixed-support gradient is
_2 < iy T
Gr: = N W Vg, Xz, (W) Vg, (81)

provided the retained operator is positive definite. Because
X, is the pre-gauge operator rather than a pointwise
normalized one, T; is not identically zero and G, is
generally nonzero. If (Gr ¢, Gr ) falls below a numerical
tolerance, the correction is skipped or regularized.

2. Nudge the proposed update toward the trace-log
target. Let

dt = DTt(Wt)[AWt] = <GT,t7 Awt>F. (82)
A tangent projection would impose DT;[AW] = 0 and
would therefore preserve the current residual to first or-
der. That is not the desired operation when T3(W;) # 0.

Instead, choose a tracking rate 0 < yr; < 1 and replace
the normal component of the base update by a component



that reduces the current residual:

di + 7T (W)
(Grt, Gryt)F

= —’YT,tTt(Wt)-

AWE = AW, — Gry,
DT, (W, )[AW!¥]
(83)
Thus the correction does not assume that the current
retained ECS is already on the trace-log surface. It uses
the off-gauge residual to steer the optimizer trajectory
toward that surface. When T3;(W;) = 0, Eq. (83) reduces
to the ordinary tangent projection as a limiting case.
Early in training it may be preferable to use only a one-
sided branch-protection rule rather than active tracking.
With

dy
G = V> a; = min(ay,0), 84
‘ (Grt, Grt)F K (a:,0) (84)
use
AW]S0 = AW, — a7 G, (85)

This cancels only first-order contraction of the retained
log-volume; updates that expand it are unchanged. It is a
safeguard against motion toward Fp, not an assertion that
Tt == 0

3. Remove only validated isospectral coordinate
motion. The trace-log correction above is a steering
term. It should be distinguished from quotienting gen-
uinely redundant coordinate motion. Let AT = —A and
O(e) = e“A. Then

Xnt — O(E)TXRtO(G), (SXRt = [XR“A]. (86)
This motion preserves the retained eigenvalues, the ESD,
and T3, whether or not T} is zero. It is therefore tangent
to a fixed trace-log level set. Removing it requires tangent
generators in addition to the scalar trace-log tracking
correction.

For a selected weight-space basis {Z ; ¢}, of candidate

isospectral generators, define
Hijio=(Za,1,Za;0)F,

Piwo iAW = > Zy, ((H)ij(Za, 1, AW)p.

(87)
i,j=1
The RG-nudged update is then
AWRE = (I - Piyo ) AWK, (88)
Because an exact isospectral generator satisfies
DT;(Wy)[Za,:] = 0, this quotient step preserves

the first-order trace-log tracking condition in Eq. (83).
This construction is potentially implementable, but
harder for three reasons. The full isospectral tangent
space has dimension Mg, (Mg, — 1)/2; its generators can
be nearly dependent; and rotating the retained coordinates
of one layer generally changes the inputs presented to the
next layer. Such a direction is redundant for the network
only when neighboring layers transform compatibly or a
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direct functional test shows that the network output is
unchanged. A practical approximation therefore samples
only a small, well-conditioned family with

mye < M%t’ (89)

and retains only generators whose effect is stable under
resampling.

The tangent part needs an additional network-level test.
An ESD regards retained rotations as equivalent, but the
full network generally does not: a right-coordinate rotation
of one layer changes the coordinates passed to the next.
A sampled generator should therefore be paired with a
compensating neighboring-layer transformation or rejected
unless, on a small calibration batch {z},

[fWteza (#) — fw (2)]]
€llZacllF

S Efunc- (90)
Only generators that pass this functional check should
enter the sampled projector.

4. Take a finite step, measure the residual, and op-
tionally retract partway. A damped finite candidate
is

Wit = W, 4 p AWES,

0<p <1 (91)

For the fixed working support, define the base and cor-
rected residuals

cand .
T

P T (W), = LW, (92)
The corrected residual is generally nonzero. Indeed, that
is expected away from the endpoint: the purpose of the
extension is to nudge the optimizer trajectory toward the
RG target, not to assume that every intermediate retained
ECS already lies on it. At fixed support, the first-order
relation is
Tt(wfirid) = (1 - pt’YT,t)Tt(Wt) + O(P?)- (93)
If a finite spectral restoration is desired, let A; denote
the retained eigenvalues of Xz, (W§®) and define

(ke) cand\

X%! = exp <—nt ]\t/[ )XRt (Wfilid)v
R
cand (94)

)\gﬁt) =\ exp<—/‘ét - ) 5 0<w <L

R
Then
Trlog ngf) = (1 — ky)rfond, (95)

Thus k; < 1is a partial nudge and does not place the actual
retained operator on the trace-log surface. Only the exact
retraction k; = 1 produces the gauge-fixed representative,
for which one may write

~ L ~

Xz, = X%,  TrlogXg, =0. (96)
The tilde is therefore reserved for the result of an exact
retraction (or the limiting fixed-point representative), not



for the pre-gauge operator that is differentiated during
training.

After the finite correction, the ECS is recomputed. De-
fine the post-correction raw residual on the recomputed
support by

7,7 = Trlog XRj (Weandy. (97)
The correction should be accepted only when it remains

local. For minibatch loss L; and recomputed support R},
useful checks are

Li(WHhY) < L(Wiga) + 614,

IR NRY| S
IRFURy —

(98)
min> |Tt+| < ‘T})asel + 07t
Failure of any test reduces p¢, yr, or k¢, or skips the RG
correction. These safeguards prevent the spectral nudge
from overwhelming supervised descent or jumping across
a moving ECS boundary.

Operationally, the proposed extension is

Propose — select R; — measure Ty,

— nudge — validated quotient — recompute.
(99)

The target surface must not be confused with the actual
retained ECS encountered along training. At a generic
optimizer step,

Trlog Xz, (Wy) #0 in general. (100)
That nonzero residual is the point of the construction:
it tells the RG extension how to alter AW, so that the
external optimizer trajectory moves toward, rather than
being assumed to lie on, the candidate RG flow. The zero
trace-log condition is imposed only by an exact retraction
or reached asymptotically at the proposed fixed point.

A staged implementation would monitor the raw trace-
log residual, the overlap of successive ECS supports, the
supervised loss, and the functional residual of each sampled
generator. Early in training, only the one-sided contrac-
tion safeguard may be used. After the retained support
stabilizes, p¢, 77, and k; may be increased gradually and
a small isospectral basis may be sampled. If any diagnostic
deteriorates, the method falls back to the raw optimizer
proposal. Muon and WW-PGD below are therefore par-
tial approximations, not implementations of the complete
trace-log-tracking plus validated-isospectral quotient con-
struction.
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6.2 Muon: a crude approximation

Muon is a matrix-aware optimizer for hidden-layer
weights [28, 38, 29]. It maintains a momentum-like matrix
update and approximately orthogonalizes it with a short
Newton—Schulz iteration before applying the learning rate;
non-matrix parameters are normally handled by AdamW.
The motivation in Keller Jordan’s blog is spectral: or-
dinary adaptive updates can drive hidden-layer matrices
toward undesirable low-rank structure, so Muon replaces
the anisotropic singular spectrum of the raw update by an
approximately isotropic one. This is effective empirically,
but it is not derived from the RG quotient geometry and
does not identify which directions are actually redundant.
Let the momentum-like update have thin SVD

G =Ux,V/. (101)
The polar idealization of Muon replaces it by
AW, = Ortho(G,) ~ U,V . (102)
Consequently,
AW AW, ~V, V], (103)

spec, (AW AW,) = {1,...,1}.
so the active update singular values share one scale and

Try log(AW,] AW,) ~ 0. (104)

The learning rate remains outside this normalization,

Wt+1 = Wt — ’I’]tAWt. (105)

Muon therefore removes anisotropic scale and condition-
ing from the update, which may suppress excessive motion
along a few singular directions. But it does not select an
ECS, compute the trace-log normal G, identify motion
toward §g, remove tangent isospectral generators, or re-
store the trace-log of the layer state. It can remove some
redundant motion, but it also changes physical components
because it does not know the quotient decomposition.

Muon should thus be interpreted as a crude operational
test: broad update isotropization can change the spectral
route followed during training, but it is not an implemen-
tation of the sampled isospectral quotient in Eq. (87) and
does not establish exact RG projection or critical slowing
down.



6.3 WW-PGD: Projected Gradient De-
scent

WeightWatcher-guided Projected Gradient Dynamics
(WW-PGD) is the first-pass implementation designed to
test the operational RG idea more directly. It does not
compute the sampled isospectral quotient of Eq. (87), and
it does not attempt to remove the complicated isospectral
directions tangent to fixed trace-log level sets. Instead,
the base optimizer proposes a finite layer matrix, after
which WW-PGD modifies a selected spectral window. The
method removes or restores one scalar retained-volume
coordinate and simultaneously nudges the remaining shape
coordinates toward the marginal o ~ 2 rank-order form.

In the branch picture, this scalar direction is the trace-
log drift toward the chosen trace-log target. One sign of
that drift reduces retained correlated volume and points
back toward the weak-tail or trivial branch §g; the opposite
sign can overconcentrate the retained spectrum. WW-
PGD controls this one-dimensional volume motion while
leaving the harder isospectral quotient problem for future
work. It is therefore a partial test of the proposal, not a
realization of the complete RG optimizer.

WW-PGD as a spectral retraction

/7 > = B
o Optimizer proposal Wy et
Base optimizer proposes
a candidate layer update. —

spectral surrogate
(unknown, smooth guide)

Wﬂ,e

weight space

9 Select retained window

normalized eigenvalues 7+ 4
0 AR APL
10
1 1
% 1 1
10 : WW window !
1 midpoint in rank 1
W 1 imice ) 1
| ——ep |
. 1 1
10 8 1 RWW I
I 1
10° I I I' : |
1 . I |
1 rank (i) N ‘
Working tail chosen between the PL start and the ECS / trace-log start.
9 Retract and blend
retained tail (Ryw) reshape toward preserve blend back
o target tail selected trace-log into matrix
o
Ok -> -+ 3o
P >3,
\ 9 \ L -39
rank k Myw
WW-PGD is a finite spectral retraction: reshape the retained window
toward an a = 2 tail, preserve the selected trace-log, and blend the result back.
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Figure 11. WW-PGD as an approximate finite spectral
correction. The base optimizer proposes a candidate layer.
WW-PGD selects a window between the fitted PL start and
the ECS/trace-log start, reshapes it toward an o ~ 2 target,
restores the selected trace-log before blending, and mixes the
result back into the optimizer trajectory.

For epoch or outer step e, write

Wier1 = Rww(Weeq1).

(106)
The SVD and spectral diagnostics of the proposed layer are
then evaluated using the conventions already established
earlier in the paper. Let mpy, and my denote the numbers
of eigenvalues retained by the fitted PL tail and by the
trace-log ECS. WW-PGD chooses the midpoint in rank
space,

W@,e+1 = O(e)

base

(Wé,e)a

mpr, +m

ML SR | Ry = (), ()
(107)

The correction is skipped when this window is too small

or unstable.

Inside Rww, rank k is assigned the target

mWW{

Kk = k_qv q= 17 Qtarget = 1+ q_l =2. (108)
The target Ar = Ap uses an amplitude that preserves the

current selected trace-log,

3 mww
ZieRwW log Ay — Ek:1
mww

(109)

lo
A:expl guk} .

Thus the target changes the rank-order shape without
independently imposing a new product scale.

The move is deliberately soft. With homotopy h. € [0,1],
define

gr = log A, — log A%,

. (1 =nchegk
T = Cll — s "mins Tmax | » 110
k p ( 1+ chegn a ( )
with provisional values
Ne = NeTk. (111)

The selected trace-log is then restored before reconstruc-
tion,

Aret — ik exp Tow = 2o log
k )
mww

(112)

Tww: Z IOgS\i.

1ERwwW

(113)

In log-eigenvalue coordinates, Eq. (112) removes exactly
one scalar component: the uniform retained log-volume di-
rection. The remaining mww — 1 coordinates describe spec-
tral shape. This is the direct connection to the redundant-
direction discussion: WW-PGD controls one normal gauge



coordinate but does not project the tangent isospectral
orbit.

The retained singular values are reconstructed through
their scale-free ratios, producing Wsh@Ped The final state
is blended with the base proposal,

W+ = (1= nphe)W + nphWehered, (114)

The restoration in Eq. (112) is exact on the selected shaped
spectrum before this final blend. The complete WW-PGD
update is intentionally approximate: after blending, the
selected trace-log generally has a residual. This is a feature
of the first-pass design. The method nudges the optimizer
toward the proposed RG trajectory without forcing every
intermediate checkpoint exactly onto the final trace-log
slice.
A useful diagnostic is the post-blend residual

ef = Z log A\i(WH) — Tww . (115)

T1ERWW

Together with the supervised loss, the stability of the
selected window, and the movement of the PL and ECS
boundaries, this residual can be used to adapt ng, nc,
and the homotopy schedule. If the correction damages the
optimizer trajectory, it should be weakened or skipped.
Near a stable endpoint, it may be tightened.

WW-PGD is therefore the first operational experiment
on the proposed RG extension. It tests whether remov-
ing one retained-volume degree of freedom and steering
the remaining spectral shape toward the marginal target
can improve training without imposing the full quotient
geometry. A more complete optimizer would add the lo-
cal update-space quotient of Eq. (87), including carefully
selected isospectral generators, while retaining the same
safeguards against trajectory distortion.
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7 Experimental Results

7.1 Muon test

The Muon test asks whether update geometry changes
the spectral route. The controlled model is a three-layer
MNIST MLP, described in the Appendix A. The compar-
ison holds the data, model, and diagnostics fixed. Only
the matrix-valued update rule changes: AdamW [27] is
compared to Muon. At checkpoints, WeightWatcher fits
the HTSR exponent of each fully connected layer

(116)

at), €€ {FC1,FC2,FC3}.

Figure 12 compares results for Muon against
AdamW [27]; it depicts the test and training accuracies
and the layerwise ay(t) per epoch. The top panels com-
pare AdamW and Muon over the first twenty (20) epochs,
while the bottom panels track Muon for five-hundred (500)
epochs.

Consider the top panels first. AdamW reaches high train
and test accuracy more slowly than Muon, but reaches a
comparable range after twenty (20) epochs. The AdamW
and Muon layerwise ay(t) curves behave very differently
over these early epochs. For AdamW, all layer ay(t) values
drop quickly. FC2 and FC3 approach the optimal value
a = 2, but FC1 immediately collapses below 2.0 and

MLP3 on MNIST: AdamW vs Muon

remains trapped in the proposed overfitting regime, even
as accuracy increases. In contrast, only Muon’s FC3 layer
approaches a = 2 quickly, while FC1 and FC2 fluctuate at
first, and then remain near o = 4.

The bottom panels show Muon over very long-horizon
runs. Neither Muon training accuracy nor test accuracy
drops; both increase slowly and asymptotically. Muon FC1
and FC2 track each other, first fluctuating strongly with
ay(t) € [3,6]. Eventually, however, all layer values satisfy
ay(t) — 2, again very slowly.

This comparison is intentionally untuned. We made no
attempt to optimize learning rates or make Muon win the
MNIST benchmark.

In summary, AdamW overfits very quickly, while Muon
approaches the RG fixed point asymptotically slowly. This
is consistent with Muon removing the RG redundant scale
directions, and could be associated with RG critical slowing
down.

Layer-wise Spectral Exponents (a) vs Epoch

Training and Test Accuracy vs Epoch
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Figure 12. MNIST optimizer comparison: AdamW versus Muon. Same three-layer MNIST MLP trained with AdamW
and Muon. Short-horizon panel compares early epochs; long-horizon panel tracks the Muon ay(t) — 2.
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7.2 WW-PGD test

Test 1: Fixing AdamW runs. The WW-PGD test
asks whether the optimizer can reduce AdamW overfitting
by preventing the layer exponents «y(t) from dropping
below 2, while simultaneously helping all layers approach
the RG fixed point o ~ 2. The experiment is similar to the
Muon test (Section 7.1), and is described in Appendix A.

The WW-PGD condition uses the same AdamW mini-
batch optimizer, but applies the epoch-boundary retraction
in Eq. (106). The experiment runs for 35 epochs and five
independent runs. The WW-PGD hyperparameters are
(¢ = 1; np = 0.5; ne = 0.25) with zero warmup and a
five-epoch homotopy ramp.

Figure 13 shows the main effect. At each epoch,
WeightWatcher logs the HTSR exponent ay(t). The plot-
ted curves report the mean and standard deviation for
each layer across five runs (FC1, FC2, FC3).

Figure 13 shows the layerwise results. AdamW alone
lets the ay(t) exponents separate by layer. As in the
Muon comparison, the FC1 exponent satisfies ap(t) <
2 throughout most of training, while the FC2 exponent
satisfies ay(t) > 2. FC3 satisfies ay(t) > 2; however, this
does not materially change the results.

WW-PGD improves the layer ay(t) for all layers, while
keeping the training and test accuracies close to, or only
slightly below, the baseline AdamW results.

The convergence to the RG optimal boundary is much
faster than with Muon. This is the key takeaway. This
makes WW-PGD a direct finite-step test of the spectral-
RG optimizer hypothesis.

Test 2: Fixing an anti-grokking checkpoint. As a
further stress test, we test whether WW-PGD can repair a
deeply overfit checkpoint. Starting from an anti-grokking
checkpoint shown in Figure 6 [13], we resume training
using AdamW, Muon, and WW-PGD. Figure 14 depicts
preliminary experiments [15], showing that the WW-PGD
optimizer can recover the test accuracy even after long-
horizon overfitting.

Together, these two experiments provide preliminary
evidence that WW-PGD repairs the overfit checkpoints
tested here while driving all layer cp(t) ~ 2.
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Figure 13. WW-PGD stabilizes layerwise HTSR ex-
ponents while preserving test accuracy. A three-layer
MNIST MLP is trained with AdamW alone or AdamW plus
WW-PGD. Top: layerwise fitted HTSR exponents for FC1-
FC3. Bottom: ordinary MNIST test accuracy. Curves show
mean =+ standard deviation across five runs.
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Figure 14. WW-PGD corrects overfit layers. Extending
training on an anti-grokking checkpoint from Figure 6. [15]
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8 Implications of Universality

It is conjectured that neural networks, boosted trees, and
related methods can be grouped under one universality
story. They use different update rules, but each can in-
duce an effective correlation structure on the data [22].
Figure 15 represents that structure by effective couplings
gi(p) that flow with RG scale . The RG question is
whether these spectra approach a common critical surface
and candidate fixed point g*.

Universality of learning algorithms

Universality asks whether different nonlinear learn-
ers can flow to the same coarse-grained candidate
spectral fixed point.

e Nonlinear learning algorithms can be linearized
near their fixed points.

e Spectra, not parameters, may characterize the
optimal conditions.

o Self-averaging bulk modes support transfer.

e Non-self-averaging modes reveal dominant atypi-
cal structure that causes overfitting.

o XGBoost is a conjectural test case.

RG universality means different algorithms may

share a candidate fixed-point spectrum.

The RG claim is local. A learner can be nonlinear
away from convergence. Near a stable endpoint, its coarse-
grained flow can be linearized in a few spectral coordinates
g;. In Figure 15, the renormalized trajectories bend toward
the same critical surface. The stable directions define
the universality class, and the fixed point g* defines the
universal spectral observables.
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Near convergence, the invariant object is the spectrum
of the retained correlation operator. Parameters change
with architecture, but the proposed ERG point may be
universal. A non-neural learner needs its own effective
correlation operator. Universality becomes testable only
after that operator and its g; coordinates are defined.

Self-averaging is another proposed natural universal
property. The bulk spectral averages should stabilize
across samples, initializations, and checkpoints. Non-self-
averaging modes should concentrate into a few dominant
elements in the spectral tail. Tail modes are not automati-
cally bad. They become risky when a few directions carry
too much spectral energy gain, causing correlation traps
to form and/or o < 2.

Neural networks give the direct case. Different depths,
widths, initializations, and optimizers can produce similar
endpoint spectra. The shared object is the normalized
effective correlation spectrum. This view also reframes op-
timizer design. A good optimizer should reduce loss while
steering the spectrum toward a self-averaging marginal
boundary between optimality and overfitting, with o ~ 2
as a candidate universal spectral exponent.

XGBoost gives a plausible extension [34]. Boosting has
no dense layer weight matrix, so the current layer-specific
theory does not apply directly. Still, each tree changes
the residuals and the prediction function. Those updates
induce a data-data correlation structure in prediction space.
A practical test would form a centered Gram operator from
tree contributions or prediction increments, normalize its
scale, and track its spectrum across boosting rounds. Early
work (not shown) suggests this is possible. Future work
will test this construction on XGBoost models.

Universality does not say that all algorithms compute the
same function. It says that successful learners may share
the same coarse-grained spectral organization. Generaliza-
tion would then depend less on update details and more on
self-averaging, marginality, and controlling the dominant
modes to prevent overfitting or collapse. More broadly,
universality suggests transferability. In semi-empirical
electronic-structure theory, transferable parameters work
because different molecules can share the same effective
valence-space structure. Martin and Freed tested this idea
by deriving semiempirical 7-electron parameters from ab
initio effective valence-shell Hamiltonians and studying
when those parameters transfer across related molecules
[31, 32, 33]. The analogy is illustrative. The SETOL ef-
fective free energy 5I‘I§Z2 is evaluated by taking a single

step of the Wilsonian Exact RG (ERG) and is expressed
in terms of the R-Transform of the layer, which is akin to
a renormalized self-energy and analogous to the more gen-
eral effective Hamiltonian approach. Moreover, if learned
correlation spectra have candidate universal fixed-point
structure, then spectral diagnostics may transfer across
related models and tasks. Transferability would then come
from the effective correlation space, not from the micro-
scopic implementation.



9 Conclusions

This paper proposes an RG theory of NN layer convergence,
integrating the older phenomenological HT'SR approach
and the more recently developed SETOL theory. HTSR
supplies the empirical fact: strong layers often develop
heavy-tailed spectra near @ ~ 2. SETOL supplies the
trace-log condition: remove arbitrary layer scale and study
the retained effective correlation space. The main claim is
that these two pictures meet at the same spectral endpoint.

The value @ = 2 has two meanings. Statistically, it
marks the boundary between stable bulk-supported learn-
ing and domination by a few extreme eigencomponents.
RG scale counting gives the same boundary. At a = 2,
each logarithmic spectral shell contributes comparable
spectral energy gain. This agreement makes o ~ 2 a
critical boundary, not just a fitted number.

The fixed point is layerwise. Each dense layer has its
own retained spectrum, trace-log scale, and dominant-tail
burden. A trained network is therefore not one monolithic
fixed point. It is a coordinated state in which many layers
approach compatible spectral endpoints.

The practical diagnostic is spectral. A good layer should
keep useful correlation gain spread across many retained
eigencomponents. A bad layer can concentrate too much
gain in a few dominant tail modes. The trace-log condi-
tion removes scale. The power-law tail measures shape.
The dominant-tail eigencomponents test whether the layer
remains self-averaging.

The optimizer message is nuanced. Raw optimizers
can spend update norm on scale-only motion. A better
optimizer should reduce loss while steering the retained
spectrum toward the correlated, self-averaging branch.
This view suggests why matrix-aware optimizers such as
Muon are relevant. It also suggests new optimizer designs
based on trace-log geometry.

The WeightWatcher message becomes sharper. The
HTSR exponent «, the trace-log coordinate, ECS—tail
alignment, trap counts, and the tail burden are not isolated
heuristics. They can be read as candidate RG observables
of the same layerwise spectral flow. They require the
weights and the weights alone, without labels, gradients,
or test or even training data.

The empirical program is direct. Track these observables
across checkpoints. Compare them across optimizers. Ask
whether held-out performance improves when the spectrum
approaches the marginal boundary and degrades when
a < 2 and/or traps form. This turns the RG picture into
a falsifiable diagnostic program.

The limitations are also direct. This paper does not
prove convergence of SGD, AdamW, or Muon to the spec-
tral RG fixed point. It proposes an operational RG in-
terpretation of retained layer spectra and connects that
interpretation to HTSR and SETOL theory and validated
empirical diagnostics. The evidence supports this picture
on the models studied here, but it does not establish uni-
versality across all architectures, datasets, optimizers, or
nonlinear learners. This remains to be explored.
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The broader implication is transferability.  Semi-
empirical electronic-structure theory uses transferable pa-
rameters because related molecules share effective valence-
space structure. The analogy here is direct. If learned
correlation spectra have candidate universal fixed-point
structure, then useful spectral parameters may transfer
across related models, tasks, optimizers, and algorithm
families.

The final message is simple. Learning is not only loss
minimization. Learning is spectral organization. In this
picture, strong layers move toward a RG correlated fixed
point where scale is removed, the tail is balanced, and the
weights remain self-averaging.

The theory in one pass

Dense layers learn by moving their spectra.

e HTSR observes heavy-tailed spectra near o ~ 2.

e SETOL connects heavy-tailed layer spectra to
model accuracy (called layer quality), and yields

the ERG trace-log laws.

Self-averaging helps explain why o = 2 is a useful
boundary.

RG scale counting explains why « 2 is
marginal, suggesting a candidate universal spec-
tral exponent.

Optimizers should reduce scale-only motion and
move toward the ERG fixed point.

The WW-PGD optimizer extension can repair
overfit models.

The theory may be extensible to XGBoost and
related algorithms: a = 2 and Trlog X = 0.

Keep the learned tail, remove its scale, and test
whether the retained layer stays balanced.

\ J

Table 4 summarizes the notation and conventions used
throughout.
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Table 4. Notation and conventions used in this report.

Group Symbol Meaning

Layer W e RVXM N > M Dense-layer weights.

Layer X =N"'"WI'w Layer correlation operator.

Layer Ai >0, 8T ={i: )\ >0} Positive spectral support.

Layer o(W) = /NX(X), Singular values of W (pre-rescaling).

Layer TrX =M, Frobenius rescaling.

PL tail Prail(A) ~ A7 HTSR tail; fitted exponent .

PL tail Ter, Tor, CSN-selected PL window.

ECS R C ST, Mg = |R| Retained ECS and size.

ECS L Stabilized SETOL ECS.

Alignment Fos =~ TpL SETOL-HTSR window match.

Trace-log Xz = U%XUR ECS-restricted operator.

Trace-log  Trlog Xr = > icr log S\RJ =0 Scale-invariant condition.

Energy E, =M1 Tr X Retained spectral energy

Energy E = Mz? D iR 5\72,1’ =/ Mepr(Ar)dAr  Retained spectral energy.

Tail it = Z§:1 :\R,R(j)/ YieRr 5\73,1- Top-k gain fraction.

Tail ME = (3,er Mi)?/ Yier M. Effective contributor count.

Scale z =log g, [A,bA] Log coordinate and shell.

Scale Gp(Ab) = XA M Pr(AR)dAR Band energy gain.

Scale gr(Ar) = % = S\%ﬁR(S\R), Spectral energy gain per logarithmic scale.
0g AR

Beta Be(gr) = dgE/gd log A\r = (2= a)ge Leading PL scale derivative.

Marginal yg=2—-a=0 Log-band balance.

Fixed point Rgra[p*] = p* Normalized spectral fixed point.

Branch Fo, SERG RG spectral fixed points or branches.

Branch o : g undefined Trivial /random-like branch.

Branch SERG : 0 < gf <00, a~2, Ricg ~ Tp;, Empirical SETOL ERG fixed point or branch.

Quality Qs Qo Model and layer quality.

Optimizer Ag = URX; UL Gr=VwTr Trace-log gradient objects.

Optimizer AW Trace-log projected update.

WW-PGD T, m=|T| Selected tail and size.

WW-PGD ~z =Ak" 1, g=1 Rank-order tail target.

WW-PGD ng,nc, he Blend, Cayley, homotopy factors.
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A Optimizer experiment details

This appendix records the optimizer protocols. Both tests use MNIST and the same three-layer MLP, 784 — 512 — 512 — 10,
with ReLU nonlinearities. The linear layers are logged as FC1-FC3. MNIST inputs use mean 0.1307 and standard deviation
0.3081. At checkpoints, WeightWatcher records the fitted HTSR exponent « and the tail diagnostics for each fully connected
layer.

Reproduction notebooks. The Muon panel uses the public notebooks AdamWvsMuon.ipynb, MLP3-MNIST-AdamW.ipynb,
and MLP3-MNIST-Muon.ipynb. The WW-PGD wrapper is reproduced from WW_PGD _QuickStart.ipynb. The plotted curves
use the settings below.

Muon test. The Muon test compares AdamW and Muon on the same model and data. AdamW gives the baseline trajectory.
Muon is applied to matrix-valued hidden-layer updates. Scalar, bias, and other non-matrix parameters are handled by the
associated base optimizer. The short-horizon panel tracks the early optimizer separation. The long-horizon panel tracks
the slower Muon approach over hundreds of epochs. Training and test accuracy are logged with the layerwise curves a(t),
¢ € {FC1,FC2,FC3}.

WW-PGD test. The WW-PGD test compares AdamW with AdamW+WW-PGD. The minibatch optimizer is fixed. The
batch size is 128. AdamW uses learning rate 1072, Gradients are clipped to norm 1.0. The main run uses 35 epochs and
five independent runs. At every epoch, WeightWatcher analyzes the model with detX=True, randomize=False, and plot=False.
WW-PGD applies one epoch-boundary spectral retraction with min tail=>5, ¢ = 1, ng = 0.5, nc¢ = 0.25, use_detx=True,
warmup_epochs=0, ramp_epochs=5, and enable_trap_pgd=False.

WW-PGD correction. For each eligible layer, WW-PGD forms \; = s2 and selects the retained tail from WeightWatcher
diagnostics for S\gL and 5% It sorts the tail eigenvalues in decreasing order and uses the target \f = Ak~'. The amplitude A
preserves the retained tail trace-log. The moved tail is recentered, reconstructed with the original singular vectors, and blended
back into the post-AdamW layer. The standard test loader uses ordinary MNIST. The perturbed loader uses random rotation by
7°, random translation by 3%, small Gaussian blur, and no horizontal flip.
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https://github.com/CalculatedContent/WeightWatcher-Examples/blob/main/AdamWvsMuon.ipynb
https://github.com/CalculatedContent/WeightWatcher-Examples/blob/main/MLP3-MNIST-AdamW.ipynb
https://github.com/CalculatedContent/WeightWatcher-Examples/blob/main/MLP3-MNIST-Muon.ipynb
https://github.com/CalculatedContent/WW_PGD/blob/main/WW_PGD_QuickStart.ipynb
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